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Abstract 



Heegaard Floer homology, first introduced by P. Ozsvath and Z. Szabo in |OS04bj . 
associates to a 3- manifold Y a family of relatively graded abelian groups HF(Y,{), 
indexed by Spin c structures t on Y. In the case that Y is a rational homology sphere, 
Ozsvath and Szabo lift the relative Z-grading to an absolute Q-grading |OS06j . This 
induces a relative Q-grading on ©t G s p in c (Y) HF{Y, t). In this paper we describe an 
alternate construction of this relative Q-grading by studying the Heegaard Floer ho- 
mology of covering spaces. 

1 Introduction 

In |QS04bj . P. Oszvath and Z. Szabo associated to a 3-manifold Y families HF(Y,t), 
HF + (Y,t), HF~(Y,t), and HF°°(Y,t) of abelian groups, indexed by Spin c structures t 
on Y, collectively known as Heegaard Floer homology. (Below, we shall use HF(Y, t) to re- 
fer to any of these groups.) These groups arise as the homology groups of certain Lagrangian 
intersection Floer chain complexes CF(Y, t), CF + (Y, t), CF~(Y, t), and CF°°(Y, t), and as 
such inherit relative Z-gradings or, if ci(t) is non-torsion, relative Z/n gradings; we denote 
all of these gradings by gr. 

In [OS06j . for ci(t) torsion, Ozsvath and Szabo used a bordism construction to lift gr to 
an absolute Q-grading on HF(Y, t). In other words, they found an absolute Q-grading gr on 
HF(Y, t) satisfying gr(£, rf) = gr(£) — gr(r/) for all homogeneous elements £,77 G HF(Y,t). 
This defines an absolute Q-grading on the group 



In [OS03J, they used this absolute Q-grading to give restrictions on which knots can, under 
surgery, give rise to lens spaces, and to give restrictions on intersection forms of 4-manifolds 

"The second author was supported by a National Science Foundation Graduate Research Fellowship. 



HF(Y, torsion) : 



HF(Y,l). 



c\ (t) is torsion 
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bounding a given 3-manifold; in [MOj . C. Manolescu and B. Owens used the absolute 
Q-grading on the branched double cover of a knot to produce a concordance invariant of 
knots. 

In this paper we use covering spaces to give an alternate construction of the relative 
Q-grading on HF(Y, torsion) induced by the absolute Q-grading gr. Specifically, given 
homogeneous elements £,77 £ HF(Y, torsion) not necessarily lying in the same HF(Y,t), 
we are able to reconstruct gr(£) — gr(n). See Theorems 12,61 and 14. 11 Of course, the relative 
Q-grading contains less information about Y than the absolute Q-grading, and therefore 
our covering space construction is less powerful than the bordism construction of Ozsvath 
and Szabo; on the other hand, our construction offers a new perspective on gr and leads 
to a simple algorithm for computing the relative Q-grading at the chain level. 

Recall f |OS04bl Section 4]) that there are short exact sequences of chain complexes 

-> CF(Y, t) -► CF + (Y, t) CF + (Y, t) -► 

-» CF~(Y,t) -» CF°°(Y,t) -» CF+(Y,t) -» 0. 

We specify that the relative Q-gradings on these chain complexes be preserved by the maps 
in these short exact sequences. Consequently, it suffices to define the relative Q-grading 
on CF(Y, torsion), and we restrict our attention to this chain complex for the rest of the 
paper. 

We now describe the structure of this paper. In Section 2 we explain our covering space 
construction of the relative Q-grading. This section requires no prior knowledge of Hee- 
gaard Floer homology. We also explicitly describe how to compute the relative Q-grading 
at the chain level. In Section 3 we briefly review Ozsvath and Szabo's construction of 
gr, and in Section 4 we prove that our definition of the relative Q-grading agrees with the 
Ozsvath-Szabo definition. We defer a necessary computation for lens spaces until Section 5. 
Finally, we mention some directions for future research in Section 6. 

We thank the referee for a careful reading and many helpful comments. 

2 Gradings and covering spaces 

2.1 Review of the relative Z-grading 

We begin by defining our use of the term "grading." 

Definition. Let G and S be abelian groups. 

We say that / is an absolute S-grading on G with homogeneous elements HiiJidA 
generates A and / : TL — > S such that for each s E S, f~ 1 {s) U {0} is a subgroup of A. 

A relative S-grading on G with homogeneous elements 7i is an equivalence class of 
absolute S'-gradings of G with homogeneous elements H, where two absolute S"-gradings 
are equivalent if they differ by a constant in S. 
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In this paper, 5 will always be Z or Q. If G is free abelian, one can specify an absolute 
S-grading on G with homogeneous elements 7i by declaring a basis IA of G to be contained 
in ft and specifying a function f : U —> S. One can specify a relative S-grading of 
G by instead specifying a function F : U x U ^ S that is additive in the sense that 
F(x l y) + F( I / J z)=F(x,«). 

As mentioned in the introduction, for any Spin c structure t on 7 with ci(t) torsion, 
there is a relative Z-grading, gr, on HF(Y,t). We will describe gr at the chain level. That 
is, given a pointed Heegaard diagram S for Y, we will grade the group CF(S,t). More 
generally, we will define gr on CF(S, t) when S is an ^-pointed Heegaard diagram, as defined 
below. The material in this subsection has been extracted from Section 3 of [OS], Section 
4 of |Lip06| , and the first half of [OS04bj : we gather it here for the reader's convenience. 

Definition. An £-pointed Heegaard diagram S is a 4-tuple (£, ot,/3, z) where: 

• £ is an oriented surface of genus g > 0. 

• a is a union of disjoint simple closed curves a±, . . . , a g +i-i which span a rank g 
sublattice of Hi(L). 

• (3 is a union of disjoint simple closed curves /3\, . . . , f3 g +£-i which span a rank g 
sublattice of Hi(L). 

• a. intersects (3 transversely. 

• z is a collection of points {z±, . . . , zf\ C £ \ a \ /3. 

• Each component of E \ a contains exactly one Zj. 

• Each component of S \ /3 contains exactly one Zj. 

The a and /3 circles specify two handlebodies, f/ a and C/g, with boundary E. We say 
that <S is an l-pointed Heegaard diagram for Y a $ = U a U^Vp. 

When £ = 1, we say that S is a pointed Heegaard diagram. (The concept of an ^-pointed 
Heegaard diagram was introduced in \OS\ Section 3] ; earlier papers restricted attention to 
the I = 1 case. Many theorems that were originally proved in the £ = 1 case can be trivially 
generalized to the case of arbitrary £.) 

Fix an oriented 3-manifold Y and a metric on Y. Let / be a self-indexing Morse-Smale 
function on Y with £ index zero and £ index three critical points, and choose £ flowlines 
of V/ connecting the index zero and index three critical points in pairs. One can then 
construct an ^-pointed Heegaard diagram S for Y as follows: 

• Take S = /~ 1 (3/2). 

• Take a to be the intersection of £ with the flowlines leaving index one critical points. 

• Take (3 to be the intersection of £ with the flowlines entering index two critical points. 
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• Take z to be the intersection of S with the £ flowlines chosen above. 
In this case we say that / is compatible with S. Observe that, given S, one can always 
construct a compatible Morse function /. 

Let S be an ^-pointed Heegaard diagram for Y. Define T a n Tg to be the set of all 
(g + £ — l)-element subsets x C a n (3 such that each a.% contains exactly one element of x, 
and each contains exactly one element of x0 

We now define a map 

s:T a nT^ Spin c (Y). 

Fix a metric on Y, and choose a Morse function / compatible with S. Then x£T a nT^ 
determines g+£ — l flowlines connecting the g+£ — l index one critical points to the g+l — 1 
index two critical points in pairs, and z determines £ flowlines connecting the £ index zero 
critical points to the £ index three critical points in pairs. Consider small neighborhoods of 
these flowlines containing the critical points. Notice that V/ is nonvanishing outside these 
neighborhoods, and that, since each neighborhood contains two critical points of opposite 
parity, we can extend V/ to a nonvanishing vector field V(x) on all of Y. 

The vector field V(x) reduces the structure group of TY from SO(3) to SO(2), and 
since SO(2) = U(l) C U(2) = Spin c (3), it follows that V(x) determines a Spin c structure 
s(x) on Y. One can check that s(x) does not depend on the choices of metric, compatible 
Morse function, and extension of V/. (Specifically, while different choices will determine 
a different vector field ^(x), the new vector field will be homologous to the original one in 
the sense of |Tur97] . Consequently s(x) is unchanged, as shown in [Tur97] .) 

Now let x, y G T a fl T(3 where x = {x\, . . . , x g+ e-x} and y = {yx, . . . , y g+ £-x}. Choose 
1-chains a in a and b in (3 such that 

da = db = (yx H h y g +e-i) - Oi H h x g+i _x)- 

Then d{a — b) = 0, so a — b descends to an element of i?i(S), which in turn defines an 
element e(x, y) € Hx(Y) via the isomorphism 

Hx(Y) - 



[ax], . . • , [ag+t-x], [Pi], [Pg+l-l] ' 

It is clear that e(x, y) is independent of choices of a and b. 

There is a nice relationship between e and Spin c structures. Recall that the set of 
(homotopy classes of) Spin c structures on Y forms an affine copy of H 2 (Y). The following 
lemma is a generalization of Lemma 2.19 of [OS04b] to the i'-pointed case, and is closely 
related to Lemma 3.11 in IOSI. 



Lemma 2.1. Forx, y € T a (lTg, the difference class (s(x) — s(y)) € H 2 (Y) is the Poincare 
dual o/e(x,y) G H X {Y). 



1 The notation comes from thinking of T a as the quotient of the torus oti X • • • x q 9+ ^_i by permutations 
(and similar for T^) so that the intersection T Q n takes place in the (g + £ — l)-fold symmetric product 
of E. 
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Let Dx, . . . , Dn be the closures of the connected components of X \ a \ (3, thought of 
as 2-chains, labeled so that Z{ G Di for i < i. Define 6*2(5) to be the group of 2-chains 
in £ generated by the D^s, and define C*2(5) to be the subgroup of 6*2(5) generated by 
the Di's with i > £, or in other words, C*2(5) is generated by the closures of connected 
components of X \ a x (3 not containing any element of z. 

For any A G C2(5), define <9 a ^4 to be the intersection of dA with a. For all x, y G 
T a n Tg where x = {x x , ■ ■ ■ , x g+ £-i} and y = {yi, . . . , we define 

vr 2 (x, y) = {A G C 2 (<S) j <9<9 Q ,4 = (yi H h y s +*-i) - (sH h x 9+£ _i) } 

7r 2 (x,y) = 7r 2 (x,y) n C 2 (S). 

Lemma 2.2. For x, y € T a n Tg ; i/ s(x) = s(y), i/ien ^(x, y) is nonempty. 

Proof. Construct a and b as in our definition of e(x, y). By the previous lemma, e(x, y) = 0. 
By the definition of e, this means that a — b plus some a and (3 circles is zero in -ffi(X) and 
hence equal to the boundary of some C = J2i=i CiDi G C 2 (5). Observe that C G vr 2 (x,y). 
For i < £, let Ai be the closure of the connected component of Exec containing Z{, thought of 
as a 2-chain in C2{S). By the definition of an ^-pointed Heegaard diagram, the coefficient of 
Di in the expression for Aj must be 5{j, so one can check that C — Yli=i c i-^i € ^2( x ; y)- D 

Let W t = {x £ T„ fl s(x) = t}, and define CF(5,t) to be the free abelian group 
generated by Ut- We also define CF(S) = © t eSpin c (y) CF(S, t). Our goal in this subsection 
is to define a relative Z-grading, gr, on CF(S, t) when t is torsion. We declare Ui to be 
homogeneous so that we just need to define an additive function gr : U\_ x IA\_ — > Z. Before 
doing so, we introduce some notation. For any A = Ylf=i a i^i ^ ^2(5), we define the 
Euler measure of A, e(A), as follows. If Di has pi (not necessarily distinct) "vertices" in 
a n (3, define e{Di) = x(Di) — Pi/A where x(-^i) is the Euler characteristic. Extend this 
definition linearly to 6*2(5), so that 

N 

e(A) = J2<x(Di)- Pi /4:). 

2=1 

For any x G T a n and A G C*2(5), we define n^_(A) as follows. Each x G a n (3 
"touches" four of the D^s (with possible repetition); define n x (A) to be the average of 
the coefficients of these four D^s in the expression for A. Finally, we define n x (A) = 
Ezex MA). 

Definition. Let x,y G T Q n such that s(x) = s(y) is torsion. By the previous lemma 
there exists A G 7i"2(x, y). Define gr(x, y) by the formula 

gr(x,y) =e(A)+n x (A)+n y (A). (1) 
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The formula ([I]), first suggested by Ozsvath and Szabo, comes from |Lip06 Section 
4], where it was proved to agree with the standard definition in [OS04bj in terms of the 
Maslov indexH It follows that gr is additive. For completeness, we include a proof that gr 
is well-defined. 

Proposition 2.3. In the definition above, gr(x, y) does not depend on choice of A 6 7i"2( x >y)- 

Proof. Observe that A is unique up to addition of elements in TT2 (x, x) . By |OS04al Propo- 
sition 7.5], for any P € ^(x:, x), 

(d(a(x)),P) = e(P) + 2n x (P) 
(ci( S (y)),P) = e(P) + 2n y (P). 

Since s(x) and s(y) are torsion, the left sides must vanish and we are left with 

n x (P)=n y (P) = -ie(P). 

(Indeed, the reason we deal only with torsion Spin c structures t throughout this paper is 
that we need (ci(t),P) to be zero.) Thus, calculating gr(x, y) using A + P instead of A, 
we have 

gr(x,y) = e(A + P) + n x {A + P) + n y (A + P) 

= e{A) + e(P) + n x (A) + n x (P) + n y (A) + n y (P) 
= e{A) + n x (A) + n y (A) 

□ 

We have now defined a relative Z-grading on CF(S, t) when t is torsion. If <S is weakly 
admissible in the sense of |OS04bl Section 5], one can make CF(S) into a chain complex 
whose homology is an invariant of (Y, £), independent of the choice of S |QSj 1 When^= 1, 
we can define the Heegaard Floer homology group 

HF(Y) := H(CF(S)). 

Turning our attention back to the case of general £, it follows from |Lip06 Corollary 4.3] 
and the definition of the differential that gr descends to a relative Z-grading on H(CF(S, t)) 
when t is torsion. 

We recall the relationship between the £ = 1 case and the general case. The following 
is [0S1 Theorem 4.5]. 



2 The proofs in |Lip06| all deal with the case 1=1 but can easily be extended to the general case using 
the proof of Theorem 12.41 

3 We omit the definition of weakly admissible and the definition of the differential because both are 
peripheral to the content of this paper. In later sections of this paper, all Heegaard diagrams will be 
implicitly assumed to be weakly admissible. Arranging this is never difficult; see IOS04bl Section 5]. 
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Theorem 2.4. Let S be a weakly admissible l-pointed Heegaard diagram for Y , and let 
teSpin c (y). Then 

H(CF(S,i)) * x S 2 )),t#s ), 

where So is the unique Spin c structure on S 1 x S 2 with c\ = 0. 

Furthermore, when t is torsion, the relative Z-gradings on the two sides are the same. 

Proof. Given S = (E, a, (3, z), define a pointed Heegaard diagram S' = (£', a' , /3 , z') as fol- 
lows. Define £' by taking S and attaching l — l tubes connecting Di 3 Zi to -D,+i 9 Zi + \ for 
1 < i < I — 1. Let a' = a, j3' = (3, and =■ z\. Now observe that 5' is a pointed Heegaard 
diagram for Y#(# l ~ l {S l xS 2 )), and that for each x £ T Q nH> = T^nT^/, s'(x) = s(x)#s , 
where s'(x) is computed with respect to S' and s(x) is computed with respect to S. There- 
fore CF{S) = CF(S'), and CF(S,t) = CF(5',t#s ) for each t € Spin c (y). It is immedi- 
ate from its definition, which we have omitted, that the differential is the same on both 
sides. Finally, it is clear that when t is torsion, the relative Z-gradings on CF(S, t) and 
CF(5',t#So) are the same. The result follows. □ 

To summarize, we have constructed a map from ^-pointed Heegaard diagrams S and 
torsion Spin c structures t G Spin£ or (y Qj/ g) to relative Z-gradings on CF(S,i), 

(5,t)^(CF(5,t),gr). 

Moreover, for each £, (after restricting to weakly admissible diagrams) this map descends to 
a map from oriented 3- manifolds Y with torsion Spin c structures t € Spinj: or (Y) to relative 
Z-gradings on HFtYfti^'HS 1 X S 2 )),t#s ), 

(Y,t,£) ' ► (HFiY^-HS 1 x S 2 )),t# 6o ),gr) 
with the property that (Y, t, £) and (y#(# £_1 (5 1 x 5 2 )),t#So, 1) produce the same gr. 
2.2 Gradings and covering spaces 

Let p : Y — > Y be an n-fold, connected covering mapQ Given an ^-pointed Heegaard 
diagram S = (S,o;,/3,z) for Y and the covering map p, consider the preimage of S under 
p, which we denote by S = (E, a, (3, z). We claim that S is an n^-pointed Heegaard diagram 
for Y. 

To verify the claim, fix a metric on Y and a Morse function fonY compatible with S. 
Pull both of them back to Y, so that we have a self-indexing Morse-Smale function /on7 
that has nl index zero and nt index three critical points. Also, z determines i ffowlines for 
V/, which lift to nl ffowlines for V/. As described in Section [2.11 / and the nl ffowlines 

4 A11 covers of 3-manifolds will be assumed to be connected, unless explicitly stated otherwise. 
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determine an n^-pointed Heegaard diagram for Y. It is clear that this ra^-pointed Heegaard 
diagram is exactly S. 

We say that S is a covering Heegaard diagram of S. Note that S is a connected n-fold 
cover of £ and hence a surface of genus ng — n + 1. Also observe that a is a disjoint union 
of n(g + £ — 1) circles, as is (3. 

In the situation described above, we have the following useful fact. 

Lemma 2.5. For any x £ T Q n T3, 

p*(s(x)) = s(x), 
where x is i/ie inverse image of x under p. 

Proof. As above, consider a metric j on 7, a Morse function / on K compatible with 5, 
and their pullbacks g and / under p. Observe that x determines g + i — 1 flowlines of V/ 
connecting the index one and index two critical points of / in pairs, which must be covered 
by the n(g + I — 1) flowlines of V/ determined by x. Recalling the definition of s from 
Section [2TTT it is now evident that one can choose the vector fields V(x) and V(x) so that 
V(x) is the pullback of V(x). It follows that the diagram 

s( x)^-5Spin c (3) 
•(*) 




Y BSO(3) 

TY 

commutes. This is the desired result. □ 

The preimage map p~ l : T Q flT^ — ► T5, PlT^ induces a map of groups CF{S) — > CF{S), 
which we denote £ 1— > ^. (Note that in general this is not a chain map.) Let us define 

CF(S, torsion) := <7F(«S,t). 

tGSpin t c or (y) 

Our goal in this subsection is to prove the following theorem, which completely characterizes 
our relative Q-grading. 

Theorem 2.6. There is a unique map from l-pointed Heegaard diagrams to relative Q-gradings 
on CF(S, torsion), 

S 1 — > (CF(S, torsion), Gr) 
such that the relative Q-grading Gr has the following properties: 



S 



• For each t € Spin£ or (y) ; the restriction of Gr to CF(S,t) is equal to gr, where gr is 
f/ie relative TL-grading described in the previous subsection. In particular, they have 
the same homogeneous elements. 

• IfY — > Y is an n-fold cover, then for all homogeneous elements £, rj £ CF(S, torsion), 

n 

Moreover, for each I, (after restricting to weakly admissible diagrams) this map de- 
scends to a map from oriented 3-manifolds Y to relative Q-gradings on HF(Y^(^ff^ 1 (S 1 x 
S 2 )), torsion), 

(Y,£) ^ ^HFtYftirt^iS 1 x S 2 )), torsion), Gr) 

with the property that (Y,i) and (Y^ff(^~ 1 (S 1 x S 2 )), 1) produce the same Gr. 

We are now ready to describe our construction of the relative Q-grading on CF(S, torsion). 
As in the previous subsection, we simply need to define Gr on the homogeneous generators 
in T Q n Tg. 

Definition. Let p : Y — > Y be an n-fold covering map, and let x, y € T Q n Tg such that 
s(x) and s(y) are torsion. If it happens that s(x) = s(y), then we define 

Gr(x,y) = -gr(x,y). 
n 

In order for this definition to make sense, we need to prove two things. First, we must 
show that Gr(x, y) is independent of the choice of cover. Second, we must show that 
given any x, y £ T a fl Ts with s(x) and s(y) torsion, there always exists a cover such that 
s(x) = s(y). 

Lemma 2.7. Let p : Y — > Y be an n-fold covering map, and let x, y G T a n Tg. If 
s(x) = s(y) is torsion, then s(x) = s(y) and 

gr(x,y) = -gr(x,y). 
n 

In other words, computing Gr using the trivial cover, when possible, is consistent with 
computing Gr using any other cover. 

Proof. The previous lemma shows that s(x) = s(y). To prove the formula, choose A G ^(x, y). 
Now consider the total preimage A £ C2(<S) and observe that A G 7i"2( x ) y)- It is clear from 
the definitions that e(A) = n ■ e(A), n^(A) = n ■ n x (A), and Uy(A) = n ■ n y (A). The result 
now follows from the definition of gr in equation ([!]). □ 
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Lemma 2.8. Let p\ : Y\ — > Y be an n\-fold covering map, and let P2 '■ Yi — > Y be an 
n2-fold covering map. Let x, y G T a r\Tp such that s(x) and s(y) are torsion, and suppose 
that s(p^ 1 x) = s(p^ 1 y) and s(p^" 1 x) = s{p 2 1 y). Then 

— gr(pr lx 'PrV) = — gr(P2 lx )^2V)- 

Proof. Let Y' be a connected component of the fibered product Y\ xyF 2 so that the pro- 
jections p[ : Y' — ► Y\ and p 2 : Y' — > Y2 are n^-fold and n 2 -fold covering maps, respectively, 
and thus n\n' x = n2n' 2 . Note that since pip'i = P2P21 given our ^-pointed Heegaard diagram 
for Y, we are led to the same covering Heegaard diagram for Y', whether we go through 
Y\ or Y2. Therefore the previous lemma shows that 

— gr(pf 1 x,pf 1 y) = rg r (p'f 1 Pi 1 ^p'r 1 Pi 1 y) 

n\ n\n\ 

= — r§ r (P2 P2 x ^2 P2 y) 

= — grfe^P^V) 

™2 

□ 

Lemma [2TH1 implies that for any x, y E T a fl Tg with s(x) and s(y) torsion, Gr(x, y) 
is uniquely defined whenever it is defined at all. We must now prove that Gr(x, y) can 
always be defined. For this we will use the following lemma from algebraic topology. 

Lemma 2.9. Let Y be a connected topological space with the homotopy-type of a CW- 
complex. Suppose that a G H 2 (Y;Ij) is n-torsion. Then there exists a Z/n-covering map 
p : Y ^ Y such that p*a = 0. 

Proof. The short exact sequence 

»- Z — ^ Z *~ Z/n >■ 

induces the exact sequence 



H^Y; Z/n) H 2 (Y; Z) — H 2 (Y; Z) . 

Since a is n-torsion, a = (3{q) for some q G ^(Y; Z/n). Under the isomorphism i/ 1 (Y; Z/n) = 
[Y, if (Z/n, 1)], we can represent Q by a map / : Y — > if (Z/n, 1) = BTLjn such that g = /% 
where t G H (BZ/n; Z/n) is the image of the identity via the canonical isomorphism 
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Hom(Z/n, Z/n) = H (fiZ/n;Z/n). Let 7r : ETLjn — > BTLjn denote the contractible prin- 
cipal Z/n-bundle over BZ/n. Let y be the pullback f*(ETLjn), so we have the following 
commutative diagram: 

Y — ^ SZ/n . 
p 

y — f -^BZ/n 

We claim that p : Y — > y is the desired n-fold covering map. Indeed, we have a G im (/?/*) = 
im(/*/3), and thus p*a G im(p*/*) = im(#*7T*) C im(g*) = 0, since H 2 (EZ/n;Z) =0. □ 

Corollary 2.10. Lei x, y G T„ flT^ suc/i i/iaf s(x) and s(y) are torsion. Then for 
some n, s(x) — s(y) is n-torsion and there is a Z/n-cover Y — ► y siic/i i/iaf s(x) = s(y). 
Consequently, Gr(x, y) is well-defined. 

Proof. Since ci(s(x)) — ci(s(y)) = 2(s(x) — s(y)), the hypotheses imply that s(x) — s(y) 
is n-torsion for some n. By the previous theorem, there is a Z/n-covering map p : Y — > y 
such that p*(s(x) - s(y)) = 0. But p*(s(x) - s(y)) = s(x) - s(y). □ 

We have shown that we can always find a cover that allows us to compute Gr(x,y), 
but for a rational homology sphere, there is one cover that always works. Recall that 
the maximal abelian cover of Y is the cover corresponding to the commutator subgroup 
of 7ri(y). 

Corollary 2.11. Let Y be a rational homology sphere and Y its maximal abelian cover. 
Then Y is a finite cover of Y, and for all x, y G T a H T^, we have s(x) = s(y). Thus 
Gr(x, y) can be computed using this cover. 

Proof. Since H\(Y) = tti(Y) /[iri(Y) , tti(Y)] is finite, Y is a finite cover of Y. The rest 
of the conclusion follows from the previous corollary, Lemma 12.51 and the fact that every 
cyclic cover is covered by the maximal abelian cover (since every homomorphism from a 
group G to an abelian group factors through the abelianization of G). □ 

We now turn to additivity. 

Corollary 2.12. For x,y,w G T a n such that s(x), s(y), and s(w) are torsion, 

Gr(x,y) + Gr(y,w) = Gr(x,w). 

Proof. Lemma 12.91 and the proof of Corollary 12.101 allow us to find a cover where s(x) = 
s(y) = s(w). The additivity of gr then implies the result. □ 

This completes the proof of Theorem 12.61 except for the last part regarding the invari- 
ance of Gr and the statement that Gr is essentially independent of I. The invariance of 
Gr is a direct consequence of the invariance of gr. The proof that Gr is independent of I 
follows from the proof that gr is independent of I. 
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2.3 How to compute 

From the previous subsection, it would appear that every time one wants to compute 
Gr(x, y), one must find an appropriate cover and perform computations in the covering 
Heegaard diagram S. However, it turns out that the mere existence of an appropriate cover 
allows us to perform all of the computations in the original ^-pointed Heegaard diagram 
5, without ever thinking about covers at all. 

Given x, y 6 T a n such that s(x) and s(y) are torsion, Corollary 12.101 gives us an 
n-fold cover for which we can find A 6 ^(x, y). Consider the projection A £ C2(S), and 
observe that A 6 ^(rax, ray) in the sense that A 6 C*2(5) and 

dd a A = n(yi H h y g +e-i) - n(xi H h x g+e ^i). 

Also observe that 

Gr(x,y) = ±-{e(A)+n k (A)+ny(A)} 
1 - 

= - e(A)+n x (A)+n y (A) . 

The moral here is that we do not need to find A in order to compute Gr(x, y); it is sufficient 
to find A. 

Proposition 2.13. Letx,y G T a nTp such that s(x) and s(y) are torsion. Then s(x)— s(y) 
is n-torsion for some n, and there exists some A S 7T2(nx, ray). For any such A, 

Gr(x, y) = - [e(A) + n x (A) + ra y (A)] . 
ra 

Proof. The argument above shows that there exists some A for which the result holds. We 
just have to prove that the right side of the formula is independent of the choice of A. 
Observe that A is unique up to addition of elements in ^(x, x). The rest of the proof is 
identical to the proof of Proposition 12.31 □ 

Therefore computing Gr(x, y) is reduced to an elementary exercise in linear algebra: 
For each i > £, compute dd a Di. Then find integers ai so that X)iLg+i o,idd a Di equals some 

multiple ra of (yH h y g +e-i) ~ (%l H h x g+ n_i). Finally, plug A = Y,i=e+i a i D i into 

the formula in the previous proposition. 

3 Bordisms and Ozsvath-Szabo's construction 

The material in this section is all essentially contained in Ozsvath-Szabo's paper [OS06J. 
However, our purposes require us to articulate more precise chain-level statements in Sec- 
tion 13.31 
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3.1 Review of Heegaard triples 

Definition. An i-pointed Heegaard triple is a 5-tuple T a py = (£, ex, (3, 7, z) such that each 
of S a ^ = (£, a, /3, z), 5/3 i7 = (S,/3,7,z), and <Sq, i7 = (£,a,7,z) is an ^-pointed Heegaard 
diagram and a f] (3 Cl 7 = 0. Let Y a ,/3 be the 3-manifold specified by 5 Qi/ g (and similarly 
for Yg j7 l^ i7 ). When I = 1, T a> p^ is called a pointed Heegaard triple. 

An ^-pointed Heegaard triple specifies a 4-manifold with boundary W a> p^ as follows. 
Let T denote a triangle. The en circles (respectively (3, 7) specify a handlebody £7q. (respec- 
tively Up, Ury) with boundary £. Glue each of U a x [0, 1], Up x [0, 1], and C/ 7 x [0, 1] to an edge 
of £ x T (clockwise). The result is a 4-manifold W a ,p^ with boundary —Y a ^pU—Yp n UY an . 
See |OS04bl Section 8.1] for details. 

Let T a ^p^ be an ^-pointed Heegaard triple. Let D±, . . . ,-Djv be the closures of the 
connected components of £ \ a \ j3 \ 7, thought of as 2-chains, labeled so that Zi G Di for 
z < I. Define C2{T a ,p,'y) to be the group of 2-chains in £ generated by the D^s, and define 
C2{7~ a ,p,~ < ) to be the subgroup of C2(T olt p t ~ f ) generated by the D^s with i > i, or in other 
words, C2{Ta,p,~{) is generated by the closures of connected components of£\a\/3\7 
not containing any element of z. 

For all w G T Q n Tg, xGT^fl T 7 , and y G T a n T 7 , define 

_ „ v ^ / R . r / T \ 9d a B = (yi + • • • + y g+ e-i) - (wi + • • • + w g +t-i) \ 
[ = {wi H h - (xi H h J 

vr 2 (w,x,y) = 7T2(w,x,y) nC 2 (T aj p tl ). 

Observe that addition gives a map 

7r 2 (w',w) x 7r 2 (x',x) x 7r 2 (y',y) x 7r 2 (w,x,y) -> 7r 2 (w', x', y'). 

For B E 7r 2 (w,x, y) and B' G 7r 2 (w', x', y'), say that B and B' are Spin c -equivalent 
if there are Aj,/3 G ^(iv', w), Ap a G ^(x'jx) and A an G vr 2 (y,y') such that B' = 

Lemma 3.1. There is a map s : 7r 2 (w, x, y) — > Spin c (i4 7 Q , i ^ 7 ) u>i£/i i/ie following properties: 

• 5 G im(s) i/ and on/y i/s|y a i3 = s(w), s|y^ 7 = s(x), and s\y a „ = s(y). 

• For B G 7r 2 (w,x,y) and £?' G 7r 2 (w', x', y'), s(B) = s(B') if and only if B and B' 
are Spin -equivalent. 

For a definition of the map s and the proof of this lemma, see |OS04b[ Section 8.1]. 

Let 7T2( w ; x )y) = {B G 7r 2 (w, x, y) I s(B) = 5}. For any s G Spin c (W Qi/ g i7 ), we say 
that an ^-pointed Heegaard triple T a ,p,y realizes s when there exist w, x, and y such 
that 7r 2 (w,x, y) 7^ 0. The previous lemma implies that 7r|(w,x, y) 7^ if and only if 
s k,/3 = s ( w ), 5 \r 0n = s(x), and s\ Y<Xil = s(y). 
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Given an element B G ^(w, x, y), one can assign an index ind(S) s2to5; this is the 
index of the 9-operator on some space of holomorphic curves^ This index has the property 
that for B G 7r 2 (w,x,y), A a $ G 7r 2 (w',w), Ap n G 7r 2 (x',x) and A arj G 7r 2 (y',y), 

ind(A Qi/3 + A Pri + A aa + B) = hid{A a ^) + md(Ap ty ) + ind(A*, 7 ) + md(B). 

where ind(^4 Qj/ g) = e(^4 Qj/ g)+n w /(A Q , jj a)+n w (^4 Q , j/ g), and similarly for ind(^4g j7 ) and ind(Aj i7 ). 

Definition. Let w G T a n Tg, x G fl T 7 , and y G T a n T 7 such that s(w), s(x), 
and s(y) are torsion, and let 5 G Spin c iyV a ^^) such that 7T2(w,x, y) ^ 0. Then for any 
B G 7T"2( w ) x ;y)) define 

gr s (w,x,y) = ind(.B). 

The definition is independent of choice of B by the same reasoning as in Proposition ^. 31 
but note that gr s (w, x, y) is only defined when 7i"2( w > x >y) 7^ 0. This "relative grading" gr 
is additive in the sense that 

gr s (w',x',y') = gr(w',w) +gr(x',x) + gr(y,y') + gr s (w,x,y). 

In order to prove that Gr agrees with the relative grading induced by gr, we will need 
to use covering Heegaard triples; we collect a few basic facts about these here. Given an 
^-pointed Heegaard triple T a ,p,^ = (S, a, f3, 7, z) and an n-fold covering ir : W — ► W a ^ t -y, 
we can define a new ^-pointed Heegaard triple ^ ~ = (£, a, (3, 7, z) for W by taking 

T & p- to be the preimage of T a ^ n under tt, as we did in Section E2] for ordinary Heegaard 

diagrams. That T~ s - is a Heegaard triple for W follows by exactly the same argument as 

in Section [2.21 We say that 7^^ ~ is a covering Heegaard triple of T a ^^. 

Lemma 3.2. Fix w G T a n Tp, x G n T 7 , y G 1> n T 7 , and s G Spin c (H/ ai/Vy ). For 
any B G 7T"2(w,x, y) and its total preimage B, 

1. s{B) = 7T* S (B). 

2. ind(J5) = ra • ind(-B). 

In particular, if the restriction of 5 to dW a p~ is torsion and ^(w^y) 7^ 0; then 
gr^w, x, y) = n • gr 5 (w,x,y). 

Proof. The proof of statement Q] follows from the definition of s(B) (which we have not 
given) in an exactly analogous way to Lemma 12.51 

To prove statement [2j recall from jOS04bj that ind denotes the index of the linearized 
5-operator at an appropriate map of a triangle A to Sym 9+ ^ _1 (S). There is a map 
m:S->SxA for some Riemann surface S which tautologically corresponds to <fi (see, e.g., 

For the definition of ind, see [OS 04b I Section 8], where the notation /j, is used instead of ind. 
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|Lip06 Section 13]). The index of the 3-operators at u and 4> agree. (Indeed, there is even 



an identification of index bundles - see |Lip06 Section 13] - though we do not need this 
stronger result.) 

In our situation, the covering map E — > E induces an inclusion Sym 3+ ^ _1 (E) — > 
Sym n9+?1 ^ _n (E) and a covering map S x A -> S x A, The maps 4> and u then induce 
maps <f> : A -> Sym n9+n ^ n (E) and u : S -> E x A. (Here, 5 is an n-fold covering of 5.) It 
is straightforward to check that the maps u and eft again tautologically correspond. 

Now, it follows from the Atiyah-Singer index theorem that the index of the 9-operator 
at u is n times the index of the 5-operator at u. Alternately, this is immediate from the 
index formula on page 1018 of |Lip06| , md(u) = (g + £-l)/2- X {S) + 2e(D(u)). □ 

Remark. Since the first version of this paper, S. Sarkar has proved a combinatorial 
formula for the index of triangles ( |Sarj ). It should be possible to use his formula to prove 
part ([2]) of Lemma 13.21 We leave this to the interested reader. 



3.2 Bordisms and Heegaard triples 

Recall that any bordism W 4 from Y x 3 to Y^ can be decomposed as a collection of 1-handle 
attachments, followed by 2-handle attachments, followed by 3-handle attachments. (See [GS99J 
for an efficient exposition of handle decompositions and Kir by calculus.) Attaching a 
1-handle to W has the effect of either changing dW to dW^(S 1 x S 2 ) or connect summing 
two connected components of dW . Attaching 2-handles to W has the effect on dW of 
doing framed surgery along the attaching circles of the 2-handles. Attaching a 3-handle to 
W has the opposite effect of attaching a 1-handle: it either removes an S 1 x S 2 summand 
or it disconnects a connected sum. 

In [OS06] . Ozsvath and Szabo associate maps to 1-handle, 2-handle, and 3-handle 
attachings, and show that the composition of these maps depends only on the bordism. 
The absolute Q-grading, however, is defined using bordisms composed entirely of 2-handles. 
We will restrict our attention here to such bordisms, which we call for convenience link 
surgery bordisms. 

Fix a framed n-component link L = {Li} in Y. By a bouquet for L we mean the union 
of L and a path from each component Lj of L to a fixed reference point. Fix a bouquet 
B(L) for L. A neighborhood V of B(L) is a handlebody of genus n. In general, Y \ V 
will not be a handlebody; however, it is possible to annex tubes to V to produce a new 
handlebody V' so that Y \ V' is a handlebody. Suppose dV' has genus g. We can choose V' 
so that a small neighborhood of Lj intersects dV' in a punctured torus Fi, with F^ PiFj = 
for i ^ j. 

A Heegaard triple (£, a, (3, 7, z) is subordinate to L if, for some choice of bouquet and 
V as above, there is an identification of E with dV such that 

• Each cti bounds a disk in Y \ V. 
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• Each Pi bounds a disk in V . 

• For 1 < i < n, Pi lies in Fi and is a meridian of Lj. 

• For n < i < g, Pi is disjoint from each Fj. 

• For 1 < i < n, 7, lies in Fi and the homology class of ji corresponds to the framing 
of Li. 

• For n < i < g, ji is a small perturbation of Pi. 

This definition comes from |OS06|, Section 4.1]. 

Observe that for such a Heegaard triple, (£, a, P n +i, • • • , P g ) and (£, a, 7^+1, . . . , 7 9 ) 
both specify Y \ L = Y(L) \ L, where ^(L) denotes the 3-manifold obtained by surgery 
along L. Filling in the boundary of Y \ L according to the Pi, i < n, gives back Y ; filling in 
the boundary according to the 7j, i < n, gives Y(L). That is, Y aj p = Y and Y an = 1^(L). 

For any -B(L), there always exists a pointed Heegaard triple subordinate to it. Note that 
if we start with a link surgery bordism W and find a Heegaard triple subordinate to 

the corresponding link, then W is obtained from W a n~ by filling in Yg j7 = # 9 ~ n (S l x S* 2 ) 
with ^-"(S 1 x D 3 ). 

3.3 The absolute Q-grading 

We will now define Ozsvath and Szabo's absolute Q-grading, gr, on HF(Y, torsion), fol- 
lowing the treatment in |OS06|, Section 7]. First, for tj S Spin c (li), we define a Spin c 
bordism from (li,ti) to (12^2) to be a pair (W^,s) such that W is a bordism from Y\ to 
Y2, and s G Spin c (l^) satisfies 5\y t = U- (We distinguish this concept from the concept of 
stable Spin c bordism, which will be relevant in Section 4.) For any t € Spin£ or (y), there 
exists a link surgery Spin c bordism (W 7 , s) from (5 3 ,So) to (Y, t), where So is the unique 
Spin c structure on S* 3 . Let To. fin be a pointed Heegaard triple realizing s and subordinate 
to the link. Then Y a> p = S 3 , Yg i7 = # fc (5' 1 x S 2 ) for some k, and Y an = Y. Choose 
xo € T a n and 9 € T^nT 7 so that they have the same grading as the highest graded 
elements of HF(S 3 ,So) and HF(# k (S 1 x S 2 ),Sq), respectively. We say that x and 9 lie 
in the canonical degree. 

Definition. With notation as above, define gr on CF(S a ^,t) by 

-/ x «/ n n cUs) 2 - 2 X (W) - 3a(W) 
gr(y) = - gr s (x , 9, y) + — 

for y G T Q n T 7 with s(y) = t. 

In [OS06] . Ozsvath and Szabo proved that this definition gives a well-defined absolute 
Q-grading on HF(Y, torsion). Observe that gr is not obviously defined for a general pointed 
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Heegaard diagram, but only those 5 Qj7 that arise from the above construction. Call such 
a diagram a gr- admissible pointed Heegaard diagram for Y . 

For our purposes, we need to be able to work with gr at the chain level. The following 
cumbersome lemma may be thought of as a generalization of the definition above. This 
argument is essentially the same as in the proofs of [OS061 Proposition 4.9, Lemma 7.5, 
and Theorem 7.1]. Since we want a chain- level statement, rather than a homology- level 
statement, we need to be slightly more precise. 

Lemma 3.3. Let (W^s) he a link surgery Spin c bordism from (Yi,ti) to (l2,t2)- Then 
there is a pointed Heegaard triple T a ,p,~{ subordinate to a link inducing W , realizing s, such 
that S a fi and S aa are gr-admissible for Y\ = Y a ^ and Y2 = Y a ^, respectively. 

In this case, for all x E T Q n with s(x) = ti and y £ T a n T 7 with s(y) = t2, 

, . . . . . s/ n , Cl (s) 2 -2 X (W) -3a(W) 

gr(y) = gr(x) - gr s (x, 9, y) + ^ — ■ ( 2 ) 

As before, 9 € Tp D T 7 lies in the canonical degree of HF(Yp^ = # fc (S' 1 x S 2 ),So) for 
some k. 

(We abuse notation here and elsewhere by identifying s with s\w a a ■) 

Proof. Suppose that L' is a framed link in S 3 so that surgery on L' produces Y\ and ti 
extends over the induced bordism from S 3 to Y\. Let L be any framed link in Y\ inducing 
the link surgery bordism W. By a small perturbation we can choose L to be disjoint from 
image of L' in Y\, so that L is the image of some framed link in S 3 . Let LL' be the union 
of L' and the preimage, in S 3 , of L. 

Let (£,£*, (5, 7) be a genus g Heegaard triple subordinate to LL', with the 5 circles 
ordered so that 8\, . . . ,5 m are meridians for components of L' and <5 m +i> • • • , S n are merid- 
ians for components of the preimage of L. Let Pi be a small isotopic translate of ji for 
1 < i < m; let /3i be a small isotopic translate of Si for m < i < n; and let /3, be a small 
isotopic translate of both Si and 7^ for n < i < g, all chosen so that each is transverse 
to a U 8 U 7. Set /3 = /?i U • • • U f3 g . Then (E,a,5, (3) is a Heegaard triple subordinate 
to L', and T a ,p^ = (S,a,j3,7) is a Heegaard triple subordinate to L. We will now verify 
that Ta,^,^ satisfies the requirements in the statement of the lemma. 

Let W' denote the link surgery bordism induced by L', and WW' the link surgery 
bordism induced by LL', so that WW' is the result of gluing W to W' along Y±. Let s' be 
a Spin c structure on W' extending ti, and ss' the Spin c structure on WW' induced by s 
and 5'. (Note that it easy to make choices above so that 5, s', and ss' are realized by the 
corresponding Heegaard triples.) 

It is classical that 

ci(ss') 2 - 2 X {WW') - 3a(WW') = ci(s) 2 + ci(s') 2 - 2 X (W) - 2 X (W) - 3a(W) - 3a{W'). 
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(In particular, for additivity of the signature, see |AS68(, Section 7.1].) To prove the result, 
then, it remains to check that the gr-terms add. 

Note that Yfa = x £2^ = £9-m( S l x S 2^ and = #9~n( S l X S 2 ). 

Choose 9 GTp H T 7 , 6' G T$ fl T^, and G T5 n T 7 lying in the canonical degree. 

It is easy to check directly that in (E, S, /3,7), gr(0',8,@) = 0. Finally, additivity 
properties of the index imply that for x G T Q fl and y G T a n T 7 with s(x) = ti and 
s(y) = t2, and xo £ T a fl in the canonical degree, 

gr(x , 66', y) + gr(0', 0, G) = gr(x , 0', x) + gr(x, 0, y). 

where the suppressed superscripts are understood. The result follows. □ 

It is convenient to also understand how gr behaves under connected sums. 

Lemma 3.4. Let Si and S2 be gr -admissible pointed Heegaard diagrams for Y\ and Y%. 
Then S\j^S2 is a ^-admissible pointed Heegaard diagram for Y\jFY2, and 

CF(5i#5 2 ) = CF(Sx) ® CF(S 2 ). 

Furthermore, for any homogeneous elements £1 6 CF(S\) and £2 G Ci 7 (1S2) with s(£i) and 
s fe) torsion, 

gr(£i ® 6) = gr(6) + gr(6)- 

This lemma can be proved by considering a link surgery bordism from Y\ to Yi#Yz and 
applying the same reasoning used in the proof of the previous lemma. Here, it is convenient 
to choose the L and L' so that LL' C S" 3 is a split link. Then the corresponding Heegaard 
triple subordinate to LL' can be chosen to be a connected sum of a triple for Y± and a 
triple for Y 2 . 

Finally, given a pointed Heegaard diagram S for Y, observe that if t G Spinj; or (Y) and 
HF(Y,t) / 0, then gr on HF(Y,t) determines gr on CF(S,t). 

4 Proof that the two constructions agree 

The purpose of this section is to prove the following theorem. 

Theorem 4.1. Gr = gr as relative <Q-gradings on HFiY, torsion). 

The idea of the proof is the following. The grading gr is well-behaved under Spin c 
bordisms. In particular, if we know gr on CF(Y,t), then we can determine gr on any pair 
that is Spin c bordant to (Y,t). The definition of gr in Section 3.3 works because there 
is only one Spin c bordism class in dimension three. The relative grading Gr has similar 
good behavior under Spin c bordism, but only those bordisms admitting Z/n-covers. In 
particular if we know Gr on CF(Y, t) © CF(Y, t'), then we can determine Gr on something 
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that is "suitably" Spin c bordant to (Y, t, t'). Therefore, if we can show that Gr is consistent 
with gr on a representative of each "suitable" bordism class (it turns out that lens spaces 
will suffice), then the result will follow. 

We begin by showing that Gr has the desired behavior under connected sums. 

Lemma 4.2. Let S\ and S2 be pointed Heegaard diagrams for Y\ and Yi- Then S\-j^Si is 
a pointed Heegaard diagram for Y\-$Y%, and 

CF(5!#5 2 ) = CF(Si) <8 CF(S 2 ). 

Furthermore, for any homogeneous elements G CF{S\) and £2,^2 e CF(S2) with 

s (6)> s(€[), s(6) 3 and s(^) torsion, 

Gr(Ci ®£ 2 ) = Gr(&,£) + Gr 

Proof. Consider a cover of Y± for which s(£i) = s(^) and a cover of Y% for which s(^) = 
s(£ 2 ). From these two covers, we can construct a cover of Y\jFY2 for which the computation 
becomes obvious. □ 

Combining this lemma with Lemma 13.41 we have the following. 

Corollary 4.3. If Gr = gr as relative Q-gradings on HF(Yx, torsion) and HF(Y2, torsion), 
then they are equal on HF(YijfY 2 , torsion). 

Now observe that trivially, Gr = gr as relative Q-gradings on HF(S 1 xS* 2 ,s ) ^Z©Z. 
Therefore Lemmas 13.41 and 14.21 give us the following. 

Corollary 4.4. Let t, t' £ Spin£ or (F). TTten Gr = gr as relative Q-gradings on HF(Y,t) © 
HF(Y,t') if and only if they are equal onHl^(Y#{S 1 xS 2 )^#5 )®HF(Y#(S 1 xS 2 ),t'#s ). 

The following lemma will be useful for producing equivariant Spin c bordisms. When t 
is a Spin structure we will denote the induced Spin c structure by t as well. 

Lemma 4.5. Given f : Y — > BZ/n and a Spin structure t on Y, there exists a bordism 
F : W —> BJj/n from f to a disjoint union of maps f± : L(n, 1) — > BTLjn, and there exists 
5 € Spin c (W) such that s\y = t. 

Proof. First, recall the following (stable) Spin bordism groups of a point. 

ng pin = z 

nl pin = z/2 

i^ pin = Z/2 

^ pin = 0. 
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We use the Atiyah-Hirzebruch spectral sequence in order to understand the third (stable) 
Spin bordism group of BZ/n, 
be described by an element of 



Spin bordism group of BZ/n, Q 8pm (BZ / 'n) . We know that each class in Q 8pm (BZ/n 



can 



e 

p+g=3 



E 



H {BZ/n;Q S / m ) 



H^BZ/n;^ 11 ) 



H 2 {BZ/n; Q Spin ) ® H 3 (BZ/n; ftjj 



Spin \ 



Consider the last summand H^BZ/n; Oq 15111 ) = Z/n. Choose a model of BZ/n with 
L(n, 1) as its 3-skeleton; this map f\ : L(n, 1) — > BZ/n, together with a Spin structure on 
L(n, 1) gives us a generator of H^{BZ/n; Oq 13111 ). 



We now consider the other three summands. The first is obviously zero, since 



Spin 



0. 



Z, the maps f2^ pm — > J7^ pm and £}^ iri — > 2 pm are both 
zero. By naturality of the Atiyah-Hirzebruch spectral sequence, it follows that any element 



Since f2^ pin 



and r2 2 pm 



of Hi(BZ/n-nl pin ) ® H 2 (BZ/n;nl pui ) is stably Spin c bordant to 0. 

We would be done now, except that that stable Spin bordisms and stable Spin c bor- 
disms are manifolds with Spin or Spin c structures on the stable normal bundle, not the 
tangent bundle. For Spin bordism this is no additional complication: there is a one-to-one 
correspondence between Spin structures on the tangent bundle and Spin structures on the 
stable normal bundle (see [LM891 Proposition 2.15]). In particular, (/, t) must be Spin 
bordant to something in Q 8pm (BZ/n) 

For Spin c structures on 3-manifolds, there is no such correspondence. However, for 
manifolds of dimension less than three, there is such a correspondence: in these dimensions, 
Spin c structures on the tangent bundle and Spin c structures on the stable normal bundle 
are both classified by their first Chern classes. Therefore any element of Hi(BZ/n; f^ 13111 )® 



Spin \ 



H2(BZ/n; J7^ pm ) is honestly Spin c bordant to 0. The result follows. 



□ 



Corollary 4.6. Fix a 3-manifold Y , a Spin structure i on Y , and a torsion Spin c structure 
t' on Y . Suppose that (t — t') = Z/n C H 2 (Y;Z). Let Y — > Y be a Z/n-covering space as 
in the statement of Corollaru \2.1(K Then for some u, u' G Spin c (]J m (L(n, 1))), there are 
Spin c bordisms (W,s) from (]J m (L(n, l)),u) to (Y,t) and (W,s') from (]J m (L(n, 1)), u') to 
(Y,t') t and another Spin c bordism (W,s) from S 3 to Y covering (W,s) and (W,s'). That 



is, 



(IT(L(n,l)),u) —(W, S ) 



(S 3 ,s ) 



(Y,t) 



(wi) (Y,t) 



(U m (L(n,l)),n')-(wJ) (Y,H) 
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Further, s — s' is a torsion element of H (W;Z). 

Proof. Let Y — > Y be the covering map given by Corollary 12. 101 and let / : Y — » BZ/n be 
its classifying map. Then by Lemma [4.51 there is a Spin c -bordism i 7 : (W, s) — > BZ/n from 
/ : (Y, t) — > B7Ljn to a disjoint union of m maps of the form f\ : (L(n, l),u) — > BTLjn. 
(Here, u is some fixed Spin-structure on 1).) Recall from the proof of Lemma [2.91 that 
t- f = f*b for some b € H 2 (BZ/n; Z). Setting s' = s - we see that s'\ Y = t'. Setting 
W" = F*(EZ/n), we see that s and s' pullback to the same s G Spin c (W). □ 

As mentioned earlier, we will need to know that the two gradings agree for lens spaces. 

Lemma 4.7. Gr = gr as relative Q-gradings on HF(L(n, 1)). 



We defer the proof of this lemma until Section 5, where it follows from Proposition 157 
and Corollary 15.21 



Proof of Theorem \4-l\ For the sake of clarity, assume for now that there exists a Spin 
structure t on 7 such that HF(Y, t) 7^ 0; this is necessarily the case, for instance, if Y is 
a rational homology sphere. At the end of the proof we will explain how to remove this 
assumption. With this assumption, it is sufficient to show that for all t' € Spin5r or (Y), 
Gr = gr as relative Q-gradings on HF(Y, t) © HF(Y, i'). 

Let W, W, s, 5', u, u', and m be as in the statement of Corollary 14.61 As de- 
scribed in Section 3.2, we can decompose W into a bordism from ]J m (L(n, 1)) to Y\ = 
(# m (L(n, l)))#(# fe i(5 1 x S 2 )), a link surgery bordism W\ from Y x to Y 2 = Y#{# k ^{S 1 x 
S 2 )), and a bordism from Y} to Y. By the previous lemma, we know that Gr = gr as rela- 
tive Q-gradings on HF(L(n, 1)). Then by Corollaries 14.31 and 14. A\ we know that Gr = gr 
as relative Q-gradings on HF(Y\, torsion). 

Now choose a pointed Heegaard triple T a p~ corresponding to W\ as in the statement 
of Lemma [3.31 such that realizes both s\wi an d s'|wi- Let x, x' € T a n ¥9 with 

s(x) = (#u)#So and s(x') = (#u')#Soj an d let y,y' € T Q n T 7 with s(y) = t#So an d 
s(y') = f#*o- Then 

gr(y)-gr(y') = gr(x) - gr(x') - (gr s (x,#, y) - gr s '(x', 0, y')) + ^H^Z^fW 

= gr(x) - gr(x') - gr s (x, 6, y) + gr s '(x', y') (3) 

where the last line follows because s — s' is torsion. 
Claim. Gr(y, y') = Gr(x, x') - gr s (x, 6, y) + gr s ' (x', 9, y') . 
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Using the cover W — > W, construct a covering Heegaard triple T~ a % and compute: 

Gr(y,y') = -gr(y.y') 

n 

= -(gr(x, x') - gr 7r * fi (x, 9, y) + gr 7rV (x' ; 0, y')) by additivity of gr 
n 

= Gr(x,x') - gr s (x,(9,y) + gr s '(x', 9, y') by LemmaE2J 

Since HF(Yi, (#u)#So) and HF(Y\, (#u')#So) are nonzero and Gr = gr as relative Q-gradings 
on HF(Yi, torsion), it follows that Gr(x, x') = gr(x') — gr(x). Equation ([3|) and the claim 
now show that Gr = gr as relative Q-gradings on CF(<S a)7 , t#So) © CF(S a< y, t'#so). Con- 
sequently they are equal on HF(Y2,t#so) © HF(Y2, t'#So), and Corollary 14.41 then shows 
that they are equal on HF(Y, t) © lfF(Y, t'). 

We now deal with the general case when the simplifying assumption fails. Choose a 
Spin structure t on Y. To prove the theorem, it is sufficient to show that for all t', t° £ 
Spin£ or (Y), Gr = gr as relative Q-gradings on HF(Y,t') © HF(Y,t°). We will do this 
by constructing a Heegaard diag ram for Y^ijfj^^S^ x 5*^) for which we know the 
relative gradings Gr and gr agree on CF(5 Qi7 , t#So) © CF(S a ^,t'^So) and also agree on 
CF(S a ^, t#So) © CF(S a ^, t°#So). By Corollary 14.41 this is sufficient to prove that Gr and 
gr agree as relative gradings on HF(Y, t') © HF(Y, t°). 

Let W, W, 5, s', u, u', m, Yi and Y2 be the objects constructed before using t and t' . 
Let W, W°, s°, s'°, u°, (u°)', m°, Y° and F 2 ° be the corresponding objects constructed 
using t and t°. By adding some canceling 1- and 3-handles to the decompositions of W or 
W° if necessary, we may assume that Y% = Y£. 

Now, choose Heegaard triples T a! /3 tl and T° a ^ j0 for W2 and W% respectively, with 
the property that S ari = <S°o <, . This is possible by the argument used in Lemma 13.31 
That is, we view W% and W£ as given by surgery on disjoint links L and L' in Y<i- Then 
it is easy to construct the desired triple diagrams from a diagram subordinate to LUL'. 
Further, arrange that CF(S a y,i#So) is nonzero, i.e., that there is some generator in the 
Spin c -structure t#So- 

As before, it follows from Corollaries 14.31 and 14.41 that Gr = gr as relative Q-gradings on 
both CF(S a ^t#s ) © CF(S a ^,t'# 5o ) and CF(S°^ , t#s ) © CF{S a ^, t°#0 O ). Then, 
by Formula ([3]) and the Claim above, it follows that Gr = gr as relative Q-gradings 
CF(5 a , 7 ,t#s ) © CF(S an , t'#s ) and CF{S an , t#s ) © CF(S an , t°#s ). It then follows 
that Gr = gr as relative Q-gradings on HF(S a ^, t'#So)®HF(S at y, t°#So)- The result now 
follows from Corollary 14.41 □ 

As discussed in Section [2. H there is a group HF(Y,£) that is independent of choice of 
^-pointed Heegaard diagram. The invariant absolute grading gr was originally only defined 
on HF(Y, 1) |OS06j . In light of the two main theorems of this paper, Theorems 12.61 and 14. 11 
one might hope that some generalization of gr to an invariant absolute grading of HF(Y, £) 
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would behave nicely with respect to coverings. Specifically, given a one-pointed Heegaard 
diagram S for Y and an n-fold cover of Y, one might hope that gr(x) = ^gr(x) (whenever 
x and x are both nontrivial in homology) . Unfortunately, the example of lens spaces shows 
that this is impossible. 

Explicitly, consider the standard one-pointed Heegaard diagrams S± and 52 for L(5, 1) 
and L(5,2), respectively, together with the covering maps from S 3 to L(5, 1) and L(5,2). 
One can find xi € CF(Si) and X2 £ CFiS^) with the properties that: 

• xi and X2 define the same nontrivial element of HF(S 3 , 5). 

• xi and X2 are both nontrivial in homology, and gr(xi) ^ gr(x2). 

5 Lens spaces and gradings 

Let p and q be relatively prime positive 
integers with p > q. In this section we will 
compute Gr on L(p,q) and show that the 
answer agrees with the relative Q-grading 
induced by gr, as computed by Ozsvath 
and Szabo in |OS03^ Proposition 4.8]. We 
first describe a pointed Heegaard diagram 
S = (S,a,/3, z) for —L(p,q). Let S be 
a torus, realized as the square [0, 1] x [0, 1] 
with edges identified. Let a be the horizon- 
tal circle y = 1/2, and let (3 be any circle 
with slope —p/q. Choose z to be any point 
in X \ a \ /3 lying below y = 1/2. There 
are p connected components of X \ a \ /3. 
We label their closures Dq, . . . , D p _i, go- 
ing from left to right, starting with z G Do. 
Figure 1: The lens space —L(5, 1). (Note that this is not the same notational 

convention used in Section 2.) There are p 
elements of a Ci (3. We label them xq, . . . , x p _i, going from left to right along a, such that 
xo is the upper right vertex of Do- See Figure 1. 

It is easy to see that e(xj,x,-) 7^ if i 7^ j, so each Sj = s(xi) is distinct, and these are 
all of the Spin c structures on —L(p,q). Consequently, the differential on C'F(S) is trivial, 
and we can identify CF(S) with HF(—L(p,q)). Ozsvath and Szabo proved the following 
inductive formula for their absolute Q-grading on HF(—L(p, q)) in [QS031 Proposition 4.8]. 
Since their formula relates gr on different lens spaces, we will use the notation gr Pj(? for the 
absolute Q-grading on HF(—L(p, q)). 




23 



Proposition 5.1. In the setup described above, for < i < p + q, 

_ ( pq-{2i + l-p-q) 2 \ 

h^p^V^t mod p) — I ^ I § r <j,p mod q\ x t mod qj- 

We can use this formula to derive a non-inductive formula for the relative Q-grading 
induced by gr. 

Corollary 5.2. Fix p and q, and let gr refer to the absolute Q-grading on HF(—L(p,q)). 
For < i < p, 

grOi+g mod p) - gr(»i) = -(p - 1 - 2i). 

p 

Note that this formula completely determines the relative Q-grading on HF(—L(p, q)). 
Proof. By the previous proposition, 

~ ( ,_~ ( x ^g-(2(i + g) + l-p-g) 2 ^ „ 

g^^l-^i+g mod pj S^gl 3 '! mod p) — I ^ I § r <},p mod gW+g mod 

p g -(2i + l-p-g) 2 ^ 

^ J "r S r g,p mod q\ x t mod qj 

(2i + 1 -p + g) 2 \ /(2i + l-p-g) 2 



+ 



ipq J \ 4pq 

2(2i + 1 - p)(-2q) 

4p<? 

= -(p-l-2i). 
p 

□ 

We now derive the same formula for Gr. 

Proposition 5.3. Let Gr be the relative Q-grading on HF(—L(p,q)) defined in Section 2. 
For < i < p, 

Gr(xj_|_„ mo d p , Xi) = — (p — 1 — 2i). 
p 

Proof. Since p and q are now fixed, we can interpret the indices for x and D as being defined 
mod p. In order to compute Gi(xi+ q ,Xi) using Proposition 12.131 we need an element of 
n 2 (px i+q ,pxi). 

Claim. For < i < p, let Ai = Y^=x(P ~ (* + Then A^ G ^(pxi+qiPXi)- 
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To see that A 6 6*2(5), note that the coefficient of Dq = D p is zero. The proof that 
A £ iT2(pxi+q,pxi) is a simple computation using the fact that 



Xi . 



We can now plug Aj into the formula in Proposition 12.131 Noting that e(Di) = 0, Xi 
touches D p+i , D i+ i, D p+ i- q , and D p+ i- q+ i, and Xi +q touches D i+q , D i+q+ i, D p+i , and 
Di+i, we compute 

Gr(x i+q ,Xi) = ^-\e{Ai) + n Xi+q (Ai) + n Xi (Ai)} 

= - ( + \[{p ~ i ~ q) + (p ~ i ~ q ~ 1) + (-<) + (p - i - 1)] 

+ ^[(-i) + (p - * - 1) + (-* + 9) + (-* + g - 1)] 

= -(p-l-2i). 
P 



□ 



6 Directions for future research 

This paper is an offshoot of an ongoing attempt by the authors to understand the rela- 
tionship between the Floer homology of a space and the Heegaard Floer homology of its 
finite covering spaces, the main technical goal of which is a localization theorem. This is 
one direction for further study. 

More directly related to gradings, it would be interesting to extend our definition to 
non-torsion Spin c structures. This has two meanings. The simpler is that if ti — 12 £ H 2 (Y) 
is torsion then one can find a covering space p : Y — > Y such that p*i\ = p*i2] one could try 
to use this covering space to define a relative grading between generators of CF(Y, ti) and 
CF(Y, {2). The difficulty arises from the fact that when t is non-torsion, the relative grading 
on CF(Y,t) is only defined modulo gcd j4g ^ 2 (y){(ci(t), A}}. Hopefully, this difficulty could 
either be overcome or exploited. 

A larger generalization would be to obtain a relative grading between Spin c structures 
with non-torsion difference by considering infinite covering spaces. In light of [APS75] . it 
seems likely that here the real numbers, rather than the rationals, would come into play. 
Conceivably, attempts to generalize the index could lead to some kind of "£ 2 Heegaard 
Floer homology" for infinite covering spaces. 

Finally, it would be interesting to explore how covering spaces might be used to con- 
struct the absolute Q-grading gr, as well as the induced relative Q-grading. In view of the 
example of lens spaces, such a construction might require significant new ideas. 
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